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D - Rotation Sort
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E - Modulo Pairing
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F - One Third
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A: Limited Insertion

By reversing the timeline, the problem can be rephrased into the following:

We have N balls, each with an integer written on it. If the k-th ball from the left has the number

k, Snuke can remove that ball. Can he remove all the balls?

Snuke has no choice but to remove the rightmost ball that can be removed. This can be easily shown
from the fact that other moves will produce a ball that cannot be removed forever. From this; it can
also be seen that the way to remove all the balls is unique if it exists.

The strategy above can be simulated in O(N?) time, which runs in time easily.



B: Balanced Neighbors
Consider a graph satisfying the following conditions:

e Not connected.

e For every vertex, the sum of the indices of the vertices adjacent to that vertex is constant.

These conditions are sufficient for its complement graph to satisfy the conditions in the statement.
Thus, if we can find a way to divide {1,..., N} into two or more groups so that the sum of the integers
in a group is constant, we have an instance of the above graph by connecting vertices belonging to the
same group, and thus we have a solution.

One way to divide {1,..., N} is as follows:

o If Nisodd: {1, N —1},{2,N —2},....{i, N —i},...,{N}
o If Niseven: {1,N},{2,N—1},... {i,N+1—i}

The complement graph of the graph generated by the division above can be built in O(N?) time, which

is sufficiently fast.



C: Three Circuits

If the given graph G is not Eulerlian, the answer is obviously No. From now on, we assume that G is

Eulerlian. The conclusion is: the answer is Yes if and only if the following condition is satisfied:

e There exists a vertex with degree 6 or greater.
e There exists three or more vertices with degree 4.

e There exists two vertices with degree 4, and exactly two paths connecting them.

If there is a vertex with degree 6 or greater

Consider a Eulerian cycle beginning with such a vertex A, and let D be the degree of A. This Eulerian
cycle can obviously divided into g circuits beginning with A. It is also obvious that two of these circuits

can be merged into one. Thus, we can build three circuits.

If there are three or more vertex with degree 4

Excluding the above case, we only need to consider graphs that only contains vertices of degree 4 or
2. From now on, we assume that the degree of every vertex is 2 or 4.

Consider a Eulerian cycle beginning with a vertex A of degree 4. From the discussion similar to the
above, we can build two circuits beginning with A. If there is a vertex B visited twice in at least one of
them, as shown in Fig. 1, we can build one more circuit beginning with B, for a total of three. Otherwise,
there exist vertices B and C that is visited exactly once in each of the two circuits. As shown in Fig. 2,
we can take two paths in each of the forms A — B, B — C,C — A, and we can combine them to form

three circuits.
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Fig.1 The case where there is a vertex vis-
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ited twice in at least one of the circuits



If there are two vertices with degree 4

The two possible forms of the graph are shown below. It can be seen that three circuits can be built if
and only if there are two paths connecting A and B. One way to check this is to find an A-B minimum

cut.

Fig.3 Graphs with two vertices with degree 4

The answer is obvious for a graph with one or less vertex with degree 4.

Therefore, in all the cases we can determine the answer in O(N + M) time, which is fast enough.



D - Rotation Sort
We can rephrase the two kinds operations as follows:

e Pay a cost A to move an element to some position to the right.

e Pay a cost A to move an element to some position to the left.

Now we rephrase the problem to make it more approachable, as follows:

Initially, for each ¢ (1 < 4 < N), an element p; is placed at coordinate i. You can perform the

following two kinds of operations any number of times in any order:

e Pay a cost A and move an element to some coordinate (not necessarily an integer) to the
right.

e Pay a cost A and move an element to some coordinate (not necessarily an integer) to the
right.

In the end, the N elements should be sorted in ascending order from left to right. Find the minimum

total cost required.

J

Obviously, it is unnecessary to move an element two or more times. Thus, the cost for element £ is as

follows, where xj, and z) are its initial and final coordinates:

0 (zx=2))
A (xp <z))
B (.’L‘k > .’L‘;f)
Our objective is to determine the final coordinates of the N elements, ) < 2} < --- < 2y, so that the
sum of these costs is minimized.
By deciding the final coordinates for the elements 1,2,..., N in this order, we have the following DP

solution:

dplk][z] := (Minimum total cost to place elements 1,2, ...,k with k placed at coordinate ")

However, this does not work as is, since z’ takes a continuous value. We can bypass this prob-
lem by not memorizing the exact value of 2/, and instead memorizing which of the open intervals
(—00,1),(1,2),...,(N — 1,N), (N, 00) contains «’, if it is contained in one of them. Thus, the only
“values” that x’ can take are 1,2,..., N and these open intervals, and now the solution actually works.

The time complexity is O(N3) if naively implemented, which gets TLE, but it can be improved to
O(N?) by properly speeding it up.



E - Modulo Pairing

First, we sort a in ascending order. From now on, we use the visual representation of the pairing as
shown in 4. Here, pairs in blue represent pairs such that = + y < M, and pairs in red represent pairs
such that x +y > M.

Fig.4

The conclusion is that one optimal pairing is the one such as shown in 5 (we will provide the proof
later).
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Fig.5

Thus, we can find the optimal solution by trying all possible positions of the border between blue and
red. When we fix the border to one position, we make pairs in the left/right of the border as 5, verify
that each pair is actually blue/red, and find the largest ugliness of all pairs. However, this method runs
in O(N?) time and gets TLE.

In order to make it faster, we note the following facts:

e When the border is moved left, each pair to the left of the border has more tendency to be blue.
e When the border is moved left, each pair to the right of the border has less tendency to be red.

e When the border is moved left, the largest ugliness of all pairs gets smaller.

Thus, we can find the answer by finding the leftmost possible position of the border such that each pair
to the right of the border is red, and finding the largest ugliness of all pairs in that case. This method

now runs in O(N log N) time, which is fast enough.

Proof: there exists a optimal pairing in the form shown in Fig. 5

The following Fig. 6 shows the ways to reconstruct the local pairing. In a pairing, if there are two
pairs in a form shown to the left of an arrow, we can always convert them to the corresponding two pairs
shown to the right of the arrow, and this does not increase the larger ugliness of the pairs. By repeating

this reconstruction, we can show that any pairing can be converted to a pairing in the form shown in



Fig. 5 without increasing the largest ugliness of all pairs. Thus, there exists a optimal pairing in the

form shown in Fig. 5
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F - One Third

Let’s draw a red segment along each cut. Also, for each red segment, draw a blue line 120 degrees
clockwise to it, and draw a green line 120 degrees counter-clockwise to it. It’s easy to see that the value
|z — 1/3| is the smallest angle formed by two segments of different colors.

Therefore, the problem is equivalent to the following:

On the number line, we plot a red point at 0, and a blue point at 1/3. Then, we repeat the following
operation N — 1 times: choose a coordinate between 0 and 1/3 uniformly at random, choose one of
three colors at random, and draw a point of the chosen color at the chosen position. What is the

shortest distance between two points of different colors?

After the operations, there will be N 4 1 points, and these points will divide the interval [0,1/3] into
N parts. Let’s call a part colorful if the two points at its ends have different colors. We are interested in
the length of the shortest colorful part.

Let’s compute the following values:

e Let f(k) be the probability that the number of colorful parts becomes k. This is the number of
sequences of colors of length k£ + 1, such that the sequence starts with red, ends with blue, and a
pair of adjacent same colors appear k times, divided by 3V ~!. This can be computed by a simple
DP and binomial coefficients.

e Let g(k) be the expected length of the shortest colorful part in case there are k colorful parts. In
this case, the expected total length of the k colorful parts is k£/3n. A simple calculation shows
that when we divide a segment into k parts at random, the expected length of the shortest part is

1/k? times the length of the original segment. Thus, g(k) = 1/3nk.

The answer is the sum of f(k)g(k) over all possible k.



