AGC 035 fi##i

camypaper, chokudai, DEGwer

20194 7T H 14 H

7

For International Readers: English editorial starts on page 7.

A: XOR Circle

WD 7 7 80> T BIEFICEIPNEOE Y b 2L OPHEGREERZH & DO #: > T I IcE D
NEBEFLVEVIDIE, #EfiT 2 3 DOEFICEIPNEOE Y b 2L OPMIFHIEFN 0 w9 2
ELFAMETY, T2HhoMBLETHEEET 2 4 DO 45, 25401, Tivo, Tivs WEHTEE, 2, ®xi1 D Tigo =
Tig1 BTiro®win3 =0 XD, 2y =243 DRZLT B EDOHPD T,

DEDOEENPSEIMLCEZDL E, FE2HZTHREADPELET 20U TOHEGIEBONET, Z1Uk
O(Nlog N) THIZERBETT,

o ETOETFITEINIHE D 0
o x EPNLETY 2 M, 0 Er B T K
e ByY®z=0MRILT 2 L)% 3 OOMRE2MH x,y, 2 BEPNLETBZREN § K



B: Even Degrees
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C: Skolem XOR Tree
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D: Add and Remove
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E: Develop
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F: Two Histograms
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A: XOR Circle

The condition “the bitwise XOR of the numbers written on the hats on both adjacent camels is equal
to the number on the hat on itself” is equivalent to the following: “the bitwise XOR of the numbers
written on the three consecutive hats is 0.” Now, let us focus on four consecutive numbers in the circle
ZTi,Tit1,Tit2, and x;43. From x; @ 2,41 © Tiqpo = 41 S Tijpo @ w43 = 0, it follows that x; = x;43.

Further analysis based on these facts reveals that the condition can be satisfied only in the following

cases, which can be determined in O(NN log N) time:

e Every hat has 0 written on it.
e There are % hats with z, and % hats with 0.
e There are % hats with z, % hats with y, and % hats with z, where x, y and z are distinct integers

such that xt Gy & 2z = 0.



B: Even Degrees

Since every edge will be directed so that it goes out from one of the vertices, it is impossible for every
vertex to have an even degree if there are an odd number of edges.

On the other hand, if there are an even number of edges, we can direct the edges so that every vertex
has an even degree, as follows. First, we take some rooted spanning tree of the graph, and direct the
remaining edges arbitrarily. Now, we will decide the direction for the edges in the spanning tree from
bottom to top. When deciding the direction for the edge connecting a vertex v and its parent, we will
make sure that the out-degree of v becomes even. This guarantees that every vertex other than the root
will have an even degree, which in turn guarantees that the root will have an even degree, since the sum

of the out-degrees of all the vertices is even.



C: Skolem XOR Tree

Below, we will refer to the vertices as their weights.
When N is a power of 2, the answer is obviously No.
In the other cases, it turns out that the answer is Yes.

When N is odd and not less than 3, we can, for example, construct a solution in the following manner:

Fig.1 A solution for N=7

We can slightly modify this to handle the case where N is even. We only need to add two vertices
with weight N. Let us take advantage of the fact that, in the graph above, the violet vertex with weight
1 is adjacent to the vertices with weight 2,3,..., N —1. We can choose two of these vertices and connect
them to the vertices with weight N. For example, if N = 2018, connect the vertices with weight N to
the vertices with weight 995 and 1024 and we have 995 & 1 & 1024 = 2018.



D: Add and Remove

Let us observe the operations in the reverse order. We say we vomit a card when we perform the
reverse operation of eating a card. We have initially two cards, whose numbers will be added to the
objective function after multiplied by 1.

Assume that now there are k cards remaining, whose numbers will be added to the objective function
after multiplied by x1,...,xx, respectively. We can see that, if we vomit a card between the i-th and
(i 4+ 1)-th cards from the left, the number on it will be added to the objective function after multiplied
by x; + x;4+1. In this manner, from the information of the positions where we vomit the cards, we can
restore the coefficients multiplied to the number written on each card in the objective function.

Let DP[I][x;][r][x,] be the minimum possible sum of the contributions of the I-th to r-th cards in the
input sequence to the objective function if there is a moment where these two cards are adjacent and
they are multiplied by x; and z, before added to the objective function. We can update the table as
follows: DP[l][z;][r][xr] = min;<m <, DP[][x;][m][z: + z,] + DP[m][x; + x.|[r][x] + (21 + 2) Aps.

Let us estimate the number of states in this DP. The number of pairs (I, 7) is at most O(N?). Now we
will estimate the upper bound of the number of pairs (z;, x..).

Consider vomiting cards until both the [-th and r-th cards appear. The values of x; and x, will be
affected only when we vomit a card between the I’-th and 7/-th cards such that I’ <1 < r <7’. Let such
a card vomited be the ¢-th card. Then, I’ <t <[ or r <t < r’ holds, and which of these two holds is
the only factor that matters to the values of x; and z,.. Thus, the number of possible pairs of the values
of z; and x, is at most doubled when a card is vomited, so there are at most O(2"poly(n)) states in this

DP, which can solve the problem if properly implemented.
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E: Develop

Let us characterize the set S of integers that are not present on the blackboard. Consider a graph
where the elements of S are the vertices and an edge is drawn from vertex x to x — 2 when both = and
x — 2 are contained in S, and an edge is drawn from vertex x to z + K when both z and = + K are
contained in S. S can be a set of the integers not present on the blackboard if and only if this graph does
not contain a cycle. We can prove it as follows. If the graph contains a cycle, from the definition of the
operation, it follows that one of the elements that is a part of the cycle will remain on the blackboard.
On the other hand, if the graph does not contain a cycle, we can erase the integers from the blackboard
in the topological order of the elements.

Then, we can also prove that the graph generated by S does not contain a cycle if and only if S does
not contain a cycle of the form a,a—2,...,b— K, b,b—2,...,a— K, a, by appropriate consideration. Now,
let us count the sets S which does not contain a cycle of this form.

Let us consider an approach by DP where we add integers to S in ascending order. The only situation
where we cannot add an integer a to S is the situation where there exists an integer b such that b <
a,a #b( mod 2)anda—2,a—4,....b—K,b,b—2,...,a— K are contained in S. Let = be the last integer
with the same parity as a and not contained in .S, and y be the last integer with the parity different from
a and not contained in S. Then, < y holds (or there is already a cycle).

For integers z,y,a,t such that x < y,a =t =z # y( mod 2),a < t, let DP[a][z][y][t] be the number of
choices for the integers up to a — 1 whether they are contained in .S such that the values of x and y are
defined as above and we can choose at most t consecutive integers with the same parity as a. We will
also define DP[a][x][y][¢] for the case x > y similarly, and now we can update the DP tables. The time

complexity of this approach is O(N%), with a small constant factor that enables it to work fast enough.
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F: Two Histograms

If there exists a pair (4, ) such that k; + 1 = j,1; = i, we can replace (k;,l;) with (k; +1,1; — 1) and
still obtain the same grid. This operation increases the sum of k;, so we can repeat this operation a
finite number of times so that there will be no such pair, without changing the resulting grid. Let us call
such a sequence obtained, ki, ..., kn, 1, ..., las, the regular expression. We can prove that the regular
expression for a fixed initial sequence kq, ..., kN, (1, ..., {37 is unique.

On the other hand, if two initial sequences have different regular expressions, the resulting grid will
also be different, which we can prove as follows.

Let the two different regular expressions be ki, ....kn,l1,....,Ip and k1, ..., ki, 11, ..., l};. Assume that
we obtain the same grid A from both of them and reach a contradiction. Let j be the minimum index
such that [; # [’. We assume [; < [’ without loss of generosity. If j = 1, k:',1 +1 =1 and a contradiction
is reached. If j > 1, from Al;j =1 it follows that kl; > j and kl’} < j, which contradicts with kl’} #£j5-—1
and [;_1 = 1.

Now, we just have to count the number of regular expressions. We can use the inclusion-exclusion
principle on the number of pairs (7, j) such that k; + 1 = j,{; = ¢ and count them in linear time, so the

problem is solved.
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