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A: Connection and Disconnection

When the same character occurs k times in a row, we have to change |k/2] of them. We can also see
that no more change is necessary.

When all the characters in S are the same, the answer is ||S|K/2]. Otherwise, contiguous segments
of the same character appear within a single copy of S or straddle between two copies of S. If the first
and last characters of S are different, the answer is the answer for a single copy of S multiplied by K.
If these characters are the same, let a and b be the number of the same characters at the beginning and
the end of S, respectively. The answer for this case is the answer for a single copy of S multiplied by K,
minus |a/2] + [b/2] — |(a+b)/2] multiplied by K — 1. Thus, the problem can be solved in O(]S|) time.

B: Graph Partition

Suppose that the division is possible. Then, V; UV3U... and Vo U V4 U... is a bisection of the vertex
set such that no edge connects two vertices on the same side. Thus, if the given graph is not bipartite,
the division is impossible.

Otherwise, let d be the diameter of the given graph, and let s and ¢ be two vertices with the distance
of d. By letting V; be the set of vertices whose distances from s are i — 1, we can divide the vertices into
d+ 1 sets and satisfy the condition. On the other hand, if we could divide the vertices into d + 2 or more
sets, the distance between a vertex in V; and a vertex in Vo has to be at least d 4+ 1, and we have a
contradiction. Thus, the maximum possible number of sets is d + 1. Using Floyd-Warshall algorithm,

for example, the problem can be solved in O(N?) time.

C: Division by Two with Something

Considering the binary representation of X, we can see that after 2IV operations the integer returns
to its original value. Thus, if we find the number of integers that return to the original value (not
necessarily for the first time) after k& operations for each divisor k of 2N, we can find the answer using
inclusion-exclusion principle. Below, we denote by X the binary representation of X with IV digits.

Let S be the string of length 2N obtained by concatenating X and a copy of X where each bit is



inverted in this order. X returns to the original value after k operations if and only if S has a period of
k. From the construction of S, we can also see that 2N/k needs to be odd (otherwise X and its inversion
would be equal). Thus, S has a period of k only if k is even and there exists a sequence T of length k/2
such that S can be made by alternating 7" and its inversion.

Now, we only have to find the number of T such that the first N characters of S, which is made as
above, is lexicographically less than or equal to X. Let T’ be the first k/2 characters of X. If T is
lexicographically smaller than T”, this condition is satisfied. If T is lexicographically greater than T”, the
condition is not satisfied. If T is equal to T”, we can actually construct S from T' = T, then compare it
with X.

Thus, the problem can be solved in O(Nd) time where d is the number of odd divisors of N. Under

the constraints of the problem, d < 72, so the solution will run in time.

D: Incenters

For points A, B and C on the circumference, let A" be the midpoint of the arc connecting B and C'
not passing through A. B’ and C” are also defined similarly. It can be proved here that the incenter I of
triangle ABC coincides with the orthocenter of triangle A’ B’C’ (by noticing that, from the theorem of the
angle of circumference, A, I, A’ lie on the same line, and repeatedly use this theorem to calculate angles).
Also, it is known that, for a general triangle, the orthocenter H, the centroid G, and the circumcenter
O, in this order, lie on the same line (Euler line) and |HG| : |GO| = 2 : 1. The circumcenter of triangle
A’B’C’" has the coordinates (0,0), and the centroid has the coordinates equal to the average of the
coordinates of A’, B’, and C’, so the coordinates of I is the sum of those of A’, B/, and C’.

The coordinates of A’ only depend on the choices of B and C' and positional relation of A, B, and C,
and do not depend on the specific position of A (as long as A is on the different side from A’ across line
BC). Thus, we can find the answer by, for each of the O(N?) choices of A’, finding the contribution of

the coordinates of A’ to the answer and summing them up, in O(N?) time.



E: Pairing Points

Let point a be the opponent of point 1. Let m be the number of segments that intersect with the
segment between 1 and a (call it the main segment). Then, there exist 1 < b; < ... < b, < a < ¢ <
... < c1 such that for each 7, the segment between b; and ¢; intersect with the main segment.

Let’s remove the main segment. Now the remaining segments are divided into m components. For
some (p, q), the points [2, p]U[g, 2N] are in the first component (i.e., the component with a; and b, ), and
the points [p+1,a — 1]U[a + 1,¢ — 1] are in the other components. We can repeat the same observation

recursively and get a DP solution.

e Let DPJa][b][c][d] be the number of ways to connect points [a, b] U [, d] such that they form a tree
and there is exactly one segment between the left part ([a,b]) and the right part ([e, d]).
e Let DP2[a][b][c][d] be the number of ways to connect points [a,b] U [¢,d] such that they form a

forest (i.e., possibly multiple trees).
The recurrence is easy:

o DP[allb]lc]ld] = Y, < p<p e<qea DP2lalp — Ulp + 1B DP2[c][q — 1]lg + 1)[d] Alp][a]
o DP2[albllc]ld] = Yocpep ecqea DPllPlal[dDP2p + 1Blcllg — 1]

This leads to an O(N%) solution, but if you count the number of iterations more carefully it’s about
(2N)%/6! and it works in time.



F: Min Product Sum

The problem is equivalent to the following;:

Problem 1 Let A, B be two grids of dimensions N x M. Count the number of ways to fill the grids with
integers between 1 and K, such that for each cell of A, the number written on the cell is less than or

equal to the minimum of the N + M — 1 integers written on the corresponding row or column of grid B.

We can see B as the original grid in the statement; then it’s clear that the number of ways to fill A is
equal to the product in the statement.

This is also equivalent to:

Problem 2 Let A, B be two grids of dimensions N x M. Count the number of ways to fill the grids with

integers between 1 and K, such that

e For each ¢, (the maximum of row 4 in grid A) < (the minimum of row ¢ in grid B).

e For each 7, (the maximum of column j in grid A) < (the minimum of column j in grid B).

Here’s the tricky part: let’s fix (the maximum of row ¢ in grid A) for each ¢ and (the minimum of
column j in grid B) for each j. Once we fix these values, for example, we want to count the number of

ways to fill the grid in the following way:

e See picture 1 (in the next page). We want to count the number of ways to fill these two grids.

e See picture 2. We assigned candidate of integers that can be written on each cell.

e See picture 3. There are actually more constraints: each row of the red subrectangle must contain
at least one 1 (though this says nothing), each row of the orange subrectangle must contain at least
one 2, and each row of the yellow subrectangle must contain at least one 3. Similar conditions for
columns in grid B exist.

e See picture 4. Now the number of ways to fill the grids when rowmax/columnmin are fixed can
be rephrased as the number of paths along the bold line. For example, when we move from P to
@, we multiply the coefficient (the number of ways to fill the orange rectangle) times (the number

of ways to fill the purple rectangle).

By counting the total number of paths from the top-left corner to the bottom-right corner (possible
along non-bold ways), we can count the number of ways to fill the grid when rowmax/columnmin are
not fixed. This leads to an O(NM (N + M)K) DP.
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