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A: Pair
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#include<stdio .h>

int main ()

{

int k;

scanf("%d”, &k);

printf("%d\n”, (k / 2)x((k + 1) / 2));
}

B: Ruined Square
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#include<stdio .h>

using namespace std;

int main ()

{
int a, b, ¢, d;
scanf (" %d%d%d%d” , &a, &b, &c, &d);
int x =¢c—a, y=d — b;
printf("%d %d % %d\n”, ¢ —y, d + x, a —y, b + x);
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D: All Your Paths are Different Lengths
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E: Stop. Otherwise...
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F: Revenge of BBuBBBIlesort!
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A: Pair
There are | K/2] even numbers and [K/2] odd numbers among positive integers up to K. The answer
is the product of these values.

#include<stdio .h>

int main ()

{

int k;

scanf("%d”, &k);

printf("%d\n”, (k / 2)«((k + 1) / 2));
}

B: Ruined Square

You can compute the coordinates of the reaming points as in the code below:

#include<stdio .h>
using namespace std;

int main ()

{

int a, b, ¢, d;

scanf (" %d%d%d%d” , &a, &b, &c, &d);

int x=c¢—a, y=d— b;

printf("%d %d % %d\n”, ¢ —y, d + x, a —y, b + x);
}



C: Triangular Relationship

When K is odd, a triplet (a, b, ¢) satisfies the conditions when all of them are divisible by K. It’s easy
to count such triplets.

When K is even, a triplet (a, b, ¢) satisfies the conditions when all of them are divisible by K, or when
all of them are equivalent to K/2 modulo K. We can count such triplets by counting the number of

integers up to N that are equivalent to 0 or K /2, modulo K.

D: All Your Paths are Different Lengths

Solution 1.

Let’s take the maximum integer r such that 2" < L.

First, consider the following graph:

e There are N = r + 1 vertices numbered 1,..., N.
e For each i, add two edges from vertex i to vertex i + 1. One of them has length 0, and the other
has length 201,

In this graph, there are 2" paths from vertex 1 to vertex IV, and their lengths are 0,...,2" — 1.

What happens if we add an edge of length X from vertex ¢ to vertex N7 This way we can add
X, X+1,...,X +2t71 — 1 to the set of lengths.

By adding edges of this type properly (by writing L as a sum of powers of two using binary represen-

tation), we can get a desired graph.

Solution 2.

Suppose that we have a graph G that satisfies the condition for L = X. We’ll show how to construct
solutions for L = X + 1 and L = 2X using this graph. By repeating these operations properly, we can
get a desired graph.

o [ =X +1is easy: just add an edge of length X from source to sink to G.

e [ = 2X can be constructed as follows. First, double the lengths of all edges in G. Now the set
of lengths is 0,2,...,2X — 2. Then, add a new vertex to G (it will be the new sink), and add
two edges from the old sink to the new sink, with lengths 0 and 1. Now the set of lengths is
0,1,2,...,2X — 1, and this is what we want.



E: Stop. Otherwise...

Let’s handle each query independently. For a fixed value of ¢, we want to count the number of
combinations of dice such that the sum of no two dice is t.

For simplicity, we say "z exists” when at least one die shows x. Suppose that ¢ is odd. In this case,
the condition can be restated as follows: for each pair (a,b) such that a + b = ¢, at least one of a or b
should not exist. Let’s divide integers 1,..., K into pairs, such that the sum of two numbers in each pair
is t (and some numbers will be left unpaired).

Let p be the number of pairs formed this way. Then, the combination of dice must be of the following

form for some integer ¢:

e For ¢ pairs, exactly one of the two numbers in the pair exists.
e For the remaining p — ¢ pairs, both numbers don’t exist.

e K — 2p numbers are left unpaired: we don’t care if these numbers exist.

There are (5) 27 ways to choose the set of existing numbers (among paired numbers). After that, the
number of ways to distribute the number of occurrences of those numbers among N dice are equal to

the number of solutions to the following equation:

ez + - trgty1t+... FYk-—2p =N

® 11, ,T4 are positive integers
® Y1, -+ ,YK—2p are non-negative integers
Here, z1,---,x, corresponds to the number of occurrences of each existing paired numbers, and
Y1, ,YK—2p corresponds to the number of occurrences of each unpaired numbers.

This is a well-known task and the answer can be represented by a binomial coefficient. By trying
all possible values of ¢, we can count the desired number in O(K) time (assuming that we do some
pre-computation and we can get binomial coefficients and powers in O(1)).

When t is even, there is an additional constraint that the number of occrrences of ¢/2 must be either
0 or 1. Try both possibilities, and the remaining part is the same as above.

This solution works in O(K? + N) time.



F: Revenge of BBuBBBlesort!

Let’s see the operations in the reverse order: we start with a sequence {a;} = (1,2,...,N), and we
repeat performing operations of the following type: Choose ¢ such that a;—1 < a; < a;41, and reverse
their orders (we call it ”an operation on 7”). We want to check if we can get p this way.

First, we’ll prove that we can never make operations in two adjacent positions. Suppose that before
performing an operation on i, we have performed operations on ¢ — 1 or ¢ + 1. If the last operation on
i—1or i+ 1 was on i — 1, after the opeartion, a;_; > a; holds. We can never change this inequality: an
operation on ¢ — 2 only makes a;_; greater, by the assumption above we don’t make operations on i+ 1,
and operations on other positions obviously don’t affest this inequality. Similarly, if the last operation
was on ¢+ 1, a; > a;+1 holds, and we can never change this inequality. Thus, we can’t make an opeation
on i, and we get a contradiction.

Let’s split the sequence into intervals as follows: a,...,a, forms an interval if we perform operations
onallof [+ 1,14+3,....7— 1, but not on [ — 1,7 + 1. All elements move within these intervals, thus we
can consider these intervals independently. From now on, we only considers the interval ay, ..., a,.

We start with a;,...,a, =1[,...,r. How can we change these numbers by performing operations only
at [+ 1,1+3,...,r—17

Elements at positions [ + 1,1+ 3, ..., — 1 will never move. Let’s call these elements ”pivots”.

Consider a non-pivot element x in this interval. From the definition of intervals, this element must
move (unless [ = r). Suppose that it moves to the left in the first operation that involves this element.
Then, after that, this element is always greater than the pivot to the right of it; and it can never move
to the right in the future. We can do the same observaion when it moves to the right first. Thus, each
non-pivot element keeps moving in the same direction.

Consider two non-pivot elements that moves to the left. The relative order of these elements will not
change: to change their relative order, we must swap them, but this is impossible because they must
keep moving left. We can say the same thing for elements moving right.

On the other hand, these conditions are sufficient; we can achieve the goal by repeating operations on
consecutive three elements such that ((An element that wants to go right), (pivot), (An element that
wants to go left)).

To summarize, the conditions are:

® a;41,0.43,...,a,—1 Mmust not change, and other elements must change.
o If we only consider all elements that moves to the left, they are increasing from left to right.

o If we only consider all elements that moves to the right, they are increasing from left to right.

From the first condition, we can uniquly determine the way to split the sequence into intervals; after

that, the remaining two conditions can be checked in linear time.



