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« A person is baking cookies
— Initially, one cookie can be baked per second
— When there are x cookies, by eating all of them spending
A seconds, x cookies can be baked per second afterwards
« How many seconds does it take to prepare at
least N cookies?

. Constraints
— 1 =NZ= 1012
— 0=A=1012



Solution for Partial Score

« Additional constraints for partial score

N,A = 10°

« Dynamic Programming (DP)

dp[i] = the minimum time it takes to prepare exactly i cookies
Initialization: dp[0] = 0, oo for the other values
Transition:

« for (i=1; i<N; i++) for j = 0; j <= N*2; j +=1i)

dp[j] = min(dp[j], dp[i]+A+j/i);

Answer: the minimum value among dp[N] through dp[2N]

* Note that dp[N] is not necessarily minimum among them
Time complexity: O(N log N)

« O(Z(N/i | 1=i=N)) = O(N log N)



Solution for Full Credit

« Decide the number of times to eat cookies first

— Iterating from O times to around 40 times is enough
« In the optimal strategy, cookies are eaten O(log N) times

« Let the number of times cookies are eaten be Kk,
and the consecutive number of seconds cookies

are baked be sy, S5, ..., Si,1, respectively
— The total time taken: A*k + (s;+S,+...+S, 1)
— The number of cookies prepared: s;*s,*:--*s, 4



Solution for Full Credit

« We must find the minimum possible sum of s when the
product of s is at least N

- What are the optimal values of s;?
— They should be as uniform as possible!

— That is, the maximum and minimum values among s should differ by
at most 1

« Otherwise, by subtracting 1 from the maximum and adding 1 to the
minimum, the product can be increased while keeping the sum, leading to a
more efficient distribution

« How to find optimal s

— Perform binary search on the maximum value among s (let it be m)

— Then, use brute-force on the maximum possible number of
occurrences of m-1 among s



Solution for Full Credit

« The time complexity: O(log3 N)

«  Watch out for overflow when multiplying numbers
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dir[N][N] //BXRICEIZH TSN TLWDKREIDEE
used[N][N] //ZDYRAZ=ZIEDHEMESH (FIHRE(Efalse)
state[N][N] //ZDNXAMDFSOBIFDRASFI Y IICAD TWLBIMNESH (FIHRE(Efalse)
bool dfs(i,j) { //ifTBji%E. BRDEEFT v ROvozEERHE UM ESH
if (used[i][j]) return false;
if (state[i][]]) {
state[i][]j] = false;
return true;
}
state[i][]j] = true;
cur_dir = dir[i][]];
for ((i',3") : (i,7)h'Scur dirOEE(CRIEESIHERICHDYX) {
if (ldfs(i',3")) {
dir[i"][]j'] = cur_dir;
if (state[1][]]) {
state[i][]j] = false;
return true;
} else {
return dfs(i,j);

}
}
}
state[i][]j] = false;
used[i][j] = true;
output(i,j); //(i,j)Z&Edir[i][j]PEETANDIERLS

return false;



Problem A
Where’s Snhuke?

CODE FESTIVAL 2016 Final



Problem and Solution

Given a rectangular array of strings with H rows
and W columns, find “snuke” and report its
location

Do as told
Make sure how your language deals with strings



Problem B
Exactly N points
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« There are N problems assigned 1, 2, ..., N points

« Select a set of problems to score exactly N
points...

« while minimizing the maximum score of a solved
problem

« Find any such set

. Constraints
_ 1 =NZ=s107



. We want to find the minimized “maximum score
of a solved problem”

— For each integer X starting from 1, test if it is possible to
select a subset of {1, 2, ---, X} totaling N

— The value of X when the result is “possible” for the first
time, is the answer



« Testing if it is possible to select a subset of {1, 2, -,
X} totaling N
— Actually, it is always possible if the sum of 1 through X is N or

above

« Let Y be a number such that the sum of 1 through Y is “barely” N
or above
—(the sumof 1 ~Y-1) < N = (thesumof 1 ~Y)

 Then, the sum of 1 ~ Y and N differs by less than Y
—0=(thesumofl1~Y)-N<Y

« Thus, we can remove at most one element from 1 ~ Y to make
the sum equal to N

« For instance, when N=12:
—Since Y=5 and (1+2+3+4+4+5)-12=3, we can select 1,2,4,5

« If the difference is 0, do not remove anything



Another Solution / Partial Score

« Another solution

— Choose problems in descending order of assigned score,
while keeping the total score at most N

« validated by mathematical induction etc.

« Partial Score
— can be obtained using Dynamic Programming etc.



Problem C
Interpretation
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« There are N persons and M languages

« For each person, the list of languages spoken by that
person is given

« Determine if any person can communicate with any

other person by speaking directly or using other
persons as interpreters

« Constraints
- 2=N=10°
- 1=M=10°
— Let the sum of the lists of languages be 3K, then 2K = 10~



Solution for Partial Score

Additional constraints for partial score
- N, M, 3K = 1000

Consider a graph with a vertex for each person

Connect each pair of persons who can speak directly, with
an edge

— For each pair, connect them if there is a language spoken by both
Check if this graph is connected

— An easy way is using Union Find

— DFS, BFS and such can also be used

Not enough for full credit, since there are O(N2) edges



Solution for Full Credit

« The number of edges must be reduced

« Consider a bipartite graph
with persons and languages ~

« What we want to know is if all ~_
persons are connected in this graph

- /
— It is not necessary for the languages
to be connected, like language 5 ~

in the graph to the right

« Checking connectivity is similar to @—
that for partial score

« This solution will run within the time
since there are only N+M vertices a edges




Problem D
Pair Cards
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« There are N cards
« The i-th card has an integer X; on it

« Two cards can be paired if the same integer is
written on them, or the sum of the integers is a
multiple of M

« How many pairs can be created at most?

« (Constraints
— 2=N= 105
— 1=<MZ= 105
- 1 =X =105



Classify the written integers modulo M

Example where M=10:

©e e 60
© © 06



Consider the maximum matching

A non-maximum matching:

SRS



« A maximum matching:




The following greedy algorithm finds a maximum matching

— Preparation
* Let the group of “x modulo M” be S, and “M-x modulo M" be T
« Let |S| and |T| denote the number of elementsin Sand T
« If |S| < |T|,swapSand T
—which guarantees |T| = |S]|
— The algorithm
« match every element in T with a element in S
« create as many pairs as possible among S, as long as at least |T| elements
remains in S
—create each pair from two equal numbers
« Then, match all elements in T with the remaining elements in S
—create pairs whose sums are multiples of M

— This algorithm is validated at the end of this slide show



« The groups of “O mod M” and “M/2 mod M”
— For instance, groups [10, 20] and [5, 15] where M=10
— These groups are exceptions

— Among each of the groups “0 mod M” and “M/2 mod M7,
any two elements can be paired
« The sum will always be a multiple of M

— Thus, (# of elements)/2 pairs can be created for each
group




« Summary
— Classify the integers modulo M
— For the groups “0 mod M” and “M/2 mod M":
« (# of elements)/2 pairs can be created
— For other groups:
« Deal with two groups “x mod M” and “M-x mod M” at a time
« Find a maximum matching using the greedy algorithm



Validation of the Greedy Algorithm

« Validation of the greedy algorithm
— “match every element in T with a element in S”
« if this part is validated, the rest is easy

— what we must prove is: “there exists a maximum
matching where every element in T is matched with a
element in S”



Validation of the Greedy Algorithm

The proof of “there exists a maximum... in S”

If a element is left unmatched in some maximum
matching:

e Let the unmatched element in T be x

« Since |T| = |S|, there exists a element in S that is not
matched to a element in T (let this element in S be y)

— If y is matched with another element in S, cancel that matching

» (in the first place, however, the matching is not maximum if y is left
unmatched)

« By matching x with y, we can construct a maximum matching
where x is matched with a element in S



Validation of the Greedy Algorithm

« The proof of “there exists a maximum... in S”
— If two elements in T is paired in some maximum matching:

« Let the elements in the pair be x and y

« Since |T| = |S|, there exists at least two elements in S that
are not matched with elementsin T

— If two elements in S is paired: cancel that pairing, and let these
elements be u and v

— If no two elements in S is paired: there exists at least two
elements left unmatched, and let these elements be u and v

» (in the first place, however, the matching is not maximum in such a
case)

« By canceling the paring of x and y and then matching x with u
and y with v, we can construct a maximum matching where x
and y are matched with elements in S



Problem E
Cookies
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« A person is baking cookies
— Initially, one cookie can be baked per second
— When there are x cookies, by eating all of them spending
A seconds, x cookies can be baked per second afterwards
« How many seconds does it take to prepare at
least N cookies?

. Constraints
— 1 =NZ= 1012
— 0=A=1012



Solution for Partial Score

« Additional constraints for partial score

N,A = 10°

« Dynamic Programming (DP)

dp[i] = the minimum time it takes to prepare exactly i cookies
Initialization: dp[0] = 0, oo for the other values
Transition:

« for (i=1; i<N; i++) for (j =i; j <= N*2; j +=1)

dp[j] = max(dp[j], dpli]+A+j/i);

Answer: the minimum value among dp[N] through dp[2N]

* Note that dp[N] is not necessarily minimum among them
Time complexity: O(N log N)

« O(Z(N/i | 1=i=N)) = O(N log N)



Solution for Full Credit

« Decide the number of times to eat cookies first

— Iterating from O times to around 40 times is enough
« In the optimal strategy, cookies are eaten O(log N) times

« Let the number of times cookies are eaten be Kk,
and the consecutive number of seconds cookies

are baked be sy, S5, ..., Si,1, respectively
— The total time taken: A*k + (s;+S,+...+S, 1)
— The number of cookies prepared: s;*s,*:--*s, 4



Solution for Full Credit

« We must find the minimum possible sum of s when the
product of s is at least N

- What are the optimal values of s;?
— They should be as uniform as possible!

— That is, the maximum and minimum values among s should differ by
at most 1

« Otherwise, by subtracting 1 from the maximum and adding 1 to the
minimum, the product can be increased while keeping the sum, leading to a
more efficient distribution

« How to find optimal s

— Perform binary search on the maximum value among s (let it be m)

— Then, use brute-force on the maximum possible number of
occurrences of m-1 among s



Solution for Full Credit

« The time complexity: O(log3 N)

«  Watch out for overflow when multiplying numbers



Problem F
Road of the King
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« There are N vertices
« Consider paths of length M starting from vertex 1

« How many paths p are there such that when
edges are spanned along p, the resulting graph is
strongly connected?

« (Constraints
— 2 =N =300
— 1 =M= 300



Consider the condition for strong connectivity

1. The path must visit every vertex
2. Vertex 1 must be reachable from the vertex at the end of

the path
These two conditions are both necessary and sufficient

— Necessity is obvious
— The sketch of the proof of sufficiency
« From condition 1., every vertex is reachable from vertex 1

« From 1., the vertex at the end of the path is reachable from every
vertex, and from 2., vertex 1 is reachable from every vertex

« Thus, every vertex is reachable from every other vertex via 1,
leading to strong connectivity



«  We will apply Dynamic Programing (DP)
«  What should be the state in DP?

— dpl[length of the path][number of the used vertices][state
on the strong connectivity]

« Imagine the transition as appending one vertex at the end of
the path at a time

— This amount of information should be enough

— The problem is what this “state on the strong connectivity”
actually is



- Observation on “state on the strong connectivity”

— When a vertex is appended at the end of the path:
« If appended to vertex 1, it will become strongly connected

« If appended to a vertex from which vertex 1 is reachable, it
will become strongly connected as well

— Similarly to the previous proof on strong connectivity, it can be
proved that a vertex from which vertex 1 is reachable belongs to
the strongly connected component containing vertex 1

« If appended to any other vertex?
— Actually, the strong connectivity will not develop at all
— which means we only have to maintain the size of the
strongly connected component containing vertex 1!



« The complete DP

— dp[i][jl[k] = (the number of paths of length i, consisting of j vertices, such
that the size of the strongly connected component containing vertex 1 is k)
— Initialization: dp[O][1][1] =1
— Transition:
« dp[i+1][j+1][k] += dp[i][7][k]*(N-j)
—Append a vertex not contained in the path at the end of the path
« dp[i+1][jI[k] += dp[i][j]1[k]*(3-k)

—Append a vertex not contained in the strongly connected component containing
vertex 1 at the end of the path

* dp[i+1][j][5] += dpli][j][k]*k

—Append a vertex contained in the strongly connected component containing vertex 1
at the end of the path

— Answer: dp[M][N][N]
— Time complexity: O(MN?2)



Problem G
Zigzag MST
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Problem

There are N vertices

Q queries will be processed
— The i-th query: given A, B, C:
+ connect vertex A, and B, with an edge of cost C.
+ connect vertex B, and A+1 with an edge of cost C+1

+ connect vertex Ai+1 and B,+1 with an edge of cost C.+2
+ connect vertex B,+1 and A+2 with an edge of cost C+3

After all the queries are processed, find
the weight of the minimum spanning tree
(MST) of the graph.

Constraints

- 2 =N = 200,000
— 1 =Q = 200,000
- 1=C =109




« Too many edges to directly find the MST

« We will examine the query

— Let us apply Kruskal’s algorithm to find the MST

« On the graph below, the edges are taken into account from
left to right




« We will examine the query
— Let us apply Kruskal’s algorithm to find the MST

— Actually, we can relocate an edge as below without
affecting the weight of MST!
« When the edge with cost C+1 is taken into account, the edge

with cost C must already be taken into account and vertices A
and B must already be connected




« We will examine the query
— Relocating edges in the same way




« We will examine the query
— Relocating edges in the same way




« We will examine the query
— Relocating edges in the same way




« We will examine the query
— Relocating edges in the same way




« We will examine the query
— Relocating edges in the same way




« After relocation, the edges can be classified into:
— An edge of cost C connecting vertices A and B
— Edges of cost C+1+2i connecting vertices A+i and A+1+i
— Edges of cost C+2+2i connecting vertices B+i and B+1+i




« After relocation, the edges can be classified into:
— An edge of cost C connecting vertices A and B
— Edges of cost C+1+2i connecting vertices A+i and A+1+i
— Edges of cost C+2+2i connecting vertices B+i and B+1+i

« These types of edges are colored differently for
illustrative purposes




« After all the queries are processed and the edges
are relocated, the graph looks as below:

— There are infinitely many green edges where shown in
green




« Among the green edges where shown in green, we
can remove all but the one with the minimum
weight, without affecting the weight of the MST

« Now there are only Q+N edges and we can simply

find the MST




« How to find the green edge with the minimum weight where
shown in green?
— Green edges: edges with cost X+2i connecting vertices S+i and S+1+i

— For simplicity, let us assume that green edges are spanned as follows:
 First, connect vertices S and S+1 with an edge of cost X
« From there, proceed clockwise spanning edges, while increasing the cost of
an edge by 2 after each spanning
— The algorithm
« Output: c[i] = the minimum cost of an edge connecting vertices i and i+1
1. Initialize each c[i] to o
2. For each pair (5,X), perform an update: c[S] = min(c[S], X)
3. For each i from 0 through N-1, perform an update: c[i+1] = min(c[i+1],
c[i]+2). Execute this loop twice.
— We are executing the loop twice to reflect the connection between N-1 and 0



« The time complexity

— Finding the green edge with the minimum weight where
shown in green: O(Q+N) in total

— Finding MST afterwards: O((Q+N) log (Q+N))



Problem H
Tokaido
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Problem

- Two persons are playing a game on N squares arranged in a row
from left to right, where each square is assigned an integer score
— Each player places his piece onto square 1 and 2, respectively

— In each turn, the player with his piece to the left of the opponent’s, moves his
piece. The destination must be to the right of the current position, and must not
coincide with the position of the opponent’s piece

— When the pieces cannot be moved any more, the game ends

— Each player’s score is the sum of the scores of the squares where the player has
placed his piece

Each player will plays to maximize (the player’s score) - (the opponent’s score)

« The score of the rightmost square is not yet determined. Given
several candidates for that score, find the expected outcome of the
game for each candidate

« Constraints
— 3 =N = 200,000
— 0 = (The total score assigned to non-rightmost squares) = 106
- 1= ghe number of candidates for the score of the rightmost square) =
00,000
<

2
— 0 = (Each candidate for the score of the rightmost square) = 10°



« Consider the strategy for moving the piece

« If the next square to the current position is vacant,
the optimal choice is to move there

— Since the score of a square is non-negative, you lose
nothing and the next turn will also be yours

« which means the outcome of the game will be the same after
modifying the rule on moving the pieces as follows:

— “After moving his piece, the player must repeatedly move
the opponent’s piece one square, until it is next to the
player’s piece”

— After each turn, the pieces are always adjacent



Solution for Partial Score

« Additional constraints for partial score
— there is only one candidate for the score of the rightmost square

« Dynamic Programming (DP)

— States
« dp[i] = Starting from the situation where the player’'s and opponent’s
piece are on the (i-1)-th and i-th squares, respectively, the maximum
value of "(the player’s score) - (the opponent’s score)”
— Here, Ali-1] and A[i] are excluded from each player’s score
— Initialize with dp[N] = 0, and the answer will be dp[2]+A[1]-A[2]
— Transitions
» dpli] = max(A[j]-sum(A[i+1]~A[j-1])-dp[j] | i<j=N)
— Here, A[i] denotes the score of the i-th square

« The time complexity is still too much for the time limit



Solution for Partial Score

« max(A[j]-sum(A[i+1]~A[j-1])-dp[]j] | i<j=N)
— This needs to be calculated faster
« Observe the formula for dp[i+1]
— max(A[j]-sum(A[i+1+1]~A[j-1])-dp[j] | i+1<j=N)
« This is considerably similar to the formula for dp[i]
« Let us reuse the result of the calculation
— max(A[j]-sum(A[i+1]~A[j-1])-dp[j] | i<j=N)
= max(max(A[j]-A[i+1]-sum(A[i+1+1]~A[j-1])-dp[j] | i+1<j=N),
A[i+1]-dp[i+1])
— That is,
— dp[i] = max(dp[i+1]-A[i+1], A[i+1]-dp[i+1])

« The time complexity is now O(N), which is enough



Solution for Full Credit

« Examining the recurrence relation of dp:
— dp[i] = max(dp[i+1]-A[i+1], A[i+1]-dp[i+1])
= |dp[i+1] - A[i+1]]
— This is a very simple formula, just subtracting A[i+1] from dp[i+1]
and taking the absolute value

— The following game will help intuitive understanding:
« Initially, a piece is placed on the second square, and the two player’s
score are A[1] and A[2], respectively
« The “initiative” is hold by either player
— It corresponds to the player whose piece is to the left of the opponent’s in the
original game
« In each turn, the player holding the initiative chooses “keep” or “change”
— Keep: move the piece one square. The opponent gains the score of the
arriving square
— Change: move the piece one square. The player gains the score of the arriving
square, then gives the initiative to the opponent



Solution for Full Credit

« DP arrays are no longer needed for the calculation
- x = A[N];
for (i=N-1; i >= 3; i--) x = abs(x-A[i]);
ans = X+A[1]-A[2];
— We will refer to this procedure as “Algorithm X”

— We needs to efficiently find the value of ans when the
value of A[N] is changed

— The part “+A[1]-A[2]" is no longer essential, and will be
ignored from now on



Solution for Full Credit

« When A[N] is extremely large
— When A[N] has a large value such as 10°, abs(x-A[i]) will
always equals x-A[i]
— In which case the answer will be A[N]-sum(A[3]~A[N-1])
« Specifically, this happens when sum(A[3]~A[N-1]) = A[N]
— What remains is the case where A[N] = sum(A[3]~A[N-1])
« Note that sum(A[3]~A[N-1]) = 10° holds from the constraints



Solution for Full Credit

« When A[N] is small

— Consider the following DP table:

« dp[j][k] = the eventual value of x in Algorithm X, assuming
the value of x was k when the iteration for i=j is done

« Initialized with dp[3][k] = k. The answer will be dp[N][A[N]]
- dp[j+1][k] = dp[j]llabs(k-A[j])]
— Example: N=6, A[3]=5, A[4]=3, A[5]=4

10 11 12 13 14 15

Joellll 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Jophilagl 5 4 3 2 1 0 I 2 3 4 5 6 7 8 9 10
il 2 3 4 5 4 3 2 1 0 1 2 3 4 5 6 7

el 4 5 4 3 2 3 4 5 4 3 2 1 0 1 2 3




Solution for Full Credit

« Calculate dp[N] efficiently

— Observe the properties of the DP table

— dp[j+1] can be obtained by first shifting dp[j] by A[j] and

then appending dp[j][1]~dp[jl[A[]j]] in reverse order at

the beginning of it!

10 11 12 13 14 15

el o [1 2 3 4 5) 6

10 11 12 13 14 15
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oyl 2 3 4 5 4 3 2

s 4 5 4 3 2 3 4



Solution for Full Credit

« Calculate dp[N] efficiently
— Observe the properties of the DP table
— dp[j+1] can be obtained by first shifting dp[j] by A[j] and
then appending dp[j][1]~dp[jl[A[]j]] in reverse order at
the beginning of it!
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Solution for Full Credit

« Calculate dp[N] efficiently

— Observe the properties of the DP table

— dp[j+1] can be obtained by first shifting dp[j] by A[j] and
then appending dp[j][1]~dp[jl[A[]j]] in reverse order at
the beginning of it!

10 11 12 13 14 15

okl 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Joldilgl 5 4 3 2 1 0 1 2 3 4 5 6 7 8 9 10

oyl 2 3 4 5 4) 3 2 1 o 1 2 3 4 5 6 7

gl 5 4 3)l2 3 4 5 4 3 2 1 o0 1 2 3




Solution for Full Credit

« Calculate dp[N] efficiently
— Observe the properties of the DP table

— dp[j+1] can be obtained by first shifting dp[j] by A[j] and then
appending dp[j]l[1]~dp[j][A[j]] in reverse order at the
beginning of it

— That is, dp[N] can be obtained by repeatedly pushing
dp[jl[1]~dp[jl[A[j]] in reverse order at the beginning of dpl[j]

« We will use deque to push elements at the beginning of the
sequence

— It takes O(A[j]) time to obtain dp[j+1] from dp[j], thus it
takes O(sum(A[3]~A[N-1])) time in total to obtain dp[N]

« From the constraints, sum(A[3]~A[N-1]) = 108, which will suffice



Problem 1
Reverse Grid

CODE FESTIVAL 2016 Final



« There is an HxW grid containing a character in each
square

« How many placement of characters can be obtained
by reversing rows and columns in any order, any
number of times?

« Answer modulo 10°+7

 Constraints
- 1=<HW =200



When the number of rows is odd:
The middle row is not affected by column-reverse

It is only affected by row-reverse

— If row-reverse can actually alter the middle row: the answer is (the
number of placement for other rows) * 2

— Otherwise: the answer is (the number of placement for other rows)

abcde
The same goes for odd olumns

Now we only have to cc both H and W are even




« Divide the rows and columns in half, and consider
squares assigned the same number in the figure
below, as a group

« Row-reverse and column-reverse will not transfer a
character to a square belonging to a different group
from the current one
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« Let us think of a sequence that will change the
placement of characters within some group, without
affecting the other groups
— For instance:

« Reverse the first row
 Reverse the second column

« Reverse the first row again

« Reverse the second column again
— In this way, we can perform a circular shift of three

characters

QO P

QO @
Q>
U/o|w W
QO wE
U oW w

QO w

QQ»C
Qarw
o/o|w/>

Sowe

O oo >

QQl>w
kel

QO w
wilwlfvelh

SEIEIC

O oo >

SIRIEIE
o» 0@

Q Q> >
O 0O|w

8 o/wa

O 0|

QO

Dleltdr
QQ >
U 0w w
Q)Ow@

O 0|




« Let us think of a sequence that will change the
placement of characters within some group, without
affecting the other groups
— What can be done from circular shifts of three characters?

— We can obtain all the even permutations

« An even permutation is an permutation obtained by even
number of swaps

« An odd permutation is similarly defined

« It is known that (# of even permutations) = (# of odd
permutations) = (# of all permutations) / 2

— Conversely, it can also be proven that only even permutations
can be obtained unless it is allowed to affect other groups



« How to obtain odd permutations?
— Perform exactly one of row-reverse and column-reverse

— In that case, however, the groups in the reversed row/
column will also produce only odd permutations



« Classify groups according to distribution of characters

— If all four characters are distinct, as in “abcd”:

« Only even permutations will be produced (6!/2 = 12
permutations)

— If there are duplicate characters, as in “aabc”:

« All permutations can be obtained (the number of permutation
depends on the distribution)

— Since it is possible to “waste” a swap on two identical characters, the
even permutations and the odd permutations produce the same set
of possible placement of characters

« Depending on the distribution of characters, some
groups are affected by the parity of permutations,
while the others are not.



« For groups affected by the parity of permutations, how
many patterns of parity on each of those groups are
obtainable?

« Examples of valid and invalid patterns

— The figures show the upper left part of the grid
« A cross represents a group not affected by the parity
« 0O represents a group to be even
« 1 represents a group to be odd
— What we are finding now is the number of the binary patterns

— The one to the left is obtainable by reversing the rows/columns
indicated by arrows

— The one to the right is
unobtainable

O =
= O |-

}
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Consider a bipartite graph with a vertex for each row and
each column

For each square that is not a “cross” (in the previous
figure), connect the corresponding row vertex and column
vertex by an edge

For each vertex, choose 0 or 1

— It corresponds to whether the row/column is reversed

For each edge, find the sum of the numbers on the vertices
it connects, modulo 2

— 0 corresponds to even permutations, and 1 corresponds to odd
permutations

We want to find the number of binary patterns on the edges



« How to find the number of binary patterns?

« Deal with each connected component separately
— Consider a spanning tree T for the connected component

— If the binary pattern on the edges of T is determined, the pattern
on the remaining edges will be uniquely determined
« (A+B)+(B+C) = A+C+2B = A+C (mod 2)
— Any binary pattern on the edges of T is obtainable

« When a value for one vertex is determined, the values for the other
vertices will be uniquely determined

— Thus, the number of obtainable patterns within a connected
component with S vertices is 2(5-1)

« The number of obtainable patterns for the whole graph is
2 ((# of vertices) - (# of connected components))



« Summary
— If Hand/or W are odd, process the middle row/column

— Multiply the number of the obtainable placements of
characters within each group

— Construct a bipartite graph, then multiply
2 (H+W-(# of connected components)) tg the product Computed above

« The time complexity is O(H*W), which is more than
enough



Problem J
Neue Spiel
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« We have an NxN grid

« From each of the 4N sockets around the grid, we

push a fixed number of panels into the grid

« In what order should panels be pushed into the
grid to fill all the squares?

« Constraints
— 1 =N<=300
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The operation of pushing a tile from a socket

— In the figure, a circle with a number i represents the tile
inserted by the i-th operation

Too complicated!

}
N

= [U1) ()W)
(@]

0V)()(<) «=
W
N

L)(>)(W)

=
(00)(I=)(<)




« Instead of pushing a tile from a socket...

« We can simply directly put a tile into the
nearest vacant square from the socket

+ Now it looks manageabl{-[T -2 | =025




Determining Possibility

To each square, we allocate a direction from which
a tile comes

— Indicated by an arrow in the figure

We must allocate arrows to each square so that
for each row and each column, the number of
arrows in each direction is consistent with the input
— If we cannot allocate arrows, the answer is “Impossible”

— If we can, is it always possible?

- = 4=
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Determining Possibility

« If we can allocate arrows, is it always possible?

« Let us try to restore the sequence of operations
— Repeatedly fill the “ready” squares
« a square is ready when all closer squares are occupied

— Consider the relationships “square A must be filled before
square B” as a directed graph

— If that graph is a DAG, we can fill all the squares in reverse
topological order

« Possible in this case:
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Determining Possibility

« If we can allocate arrows, is it always possible?
— If there are cycles in the relational graph, deadlocks occur

« Examples of deadlocks:
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Determining Possibility

« If we can allocate arrows, is it always possible?
— Deadlocks may occur

« Actually, we can always eliminate deadlocks

— Shift the arrows along the cycle by one square

— The deadlocks are eliminated while keeping the constraints
on the numbers of arrows

seardk t- =
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Determining Possibility

« If we can allocate arrows, is it always possible?
— Yes!
— We can always eliminate deadlocks

« However, when deadlocks are eliminated, new

deadlocks may occur
— They will disappear after a finite number of elimination

« This is because the sum of the distances from the arrows
to the sockets decreases after each elimination

t = = t - -p
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Solution for Partial Score

« Additional constraints for the partial score
— N = 40

« Find the allocation of arrows where the sum of “the
distance from each arrow to the corresponding
socket” is minimum possible

— There is no deadlock in such allocation
« If there are deadlocks, the total distance is not minimized

« Such allocation is found by...
— Minimum Cost Flow



Solution for Partial Score

« Constructing the graph
— Source — Sockets (Capacity: # of tiles to insert, Cost: 0)
— Sockets — Squares in the row/column (Capacity: 1, Cost: the distance)
— Squares — Sink (Capacity: 1, Cost: 0)

« Restore the allocation from the residual graph, then perform
topological sort

« The time complexity
— # of vertices |V| = 4N + N*N + 2 = 1762
— # of edges |E| = (4N + 4N*N + N*N)*2 = 16320
— The value of flow k = N*N = 1600
— O(K|E| log |V]), where k|E| log |V| = 3*108
 Close, but there is room for slower implementation to pass



Solution for Full Credit

There is an O(N3) solution

In summary, we first allocate arrows to the
squares, then construct the procedure of insertion
while eliminating deadlocks

— Allocating arrows: O(N2 log N)

— Constructing the procedure : O(N3)



Solution for Full Credit

« Allocating arrows

— Instead of directly allocating the four directions, we first allocate
“V" (vertical) or “H” (horizontal)

« Then, allocate Up/Down to V and Left/Right to H

 Allocating V/H

— Consider the bipartite graph where there is a vertex for each row and
each column, and there is a edge for each square connecting the
corresponding row and column

— Choose a set of edges so that the degree of each vertex is equal to the
specified value

— Solved by scanning the “row” vertices from top to bottom, greedily
connecting them to the “column” vertices in decreasing order of
remaining capacity

— Although slower, Maximum Flow will also run in time



Solving the Full Task

« Restoring the procedure
— Similar to DFS

— However, when a deadlock (cycle) is detected during DFS,
eliminate it on the spot and resume DFS

— C++-esque pseudocode is on the next slide

« The time complexity
— The time complexity of eliminating deadlocks on top of DFS
— O(N?2) for DFS itself

— Eliminating a deadlock takes O(# of squares in the deadlock)

— 2(# of squares in the deadlock) = (# of all the squares)*N

« Each time a deadlock is eliminated, each square advances at least one
square

— Thus, O(N3) in total for eliminating deadlocks



Solving the Full Task

dir[N][N] // direction allocated to the square
used[N]J[N] // whether the square is filled (false initially)
state[N][N] // whether the square is in the stack of DFS (false initially)
bool dfs(i,j) { // i: row, j: column, returns whether a deadlock is detected
if (used[i][j]) return false;
if (state[i][]J]) {
state[i][]j] = false;
return true;
}
state[i][]j] = true;
cur_dir = dir[i][]];
for ((i',j') : squares to the cur_dir of (i,j)) {
if (Mdfs(i*,3%)) {
dir[i"][]j'] = cur_dir;
if (state[i][]J]) {
state[i][]j] = false;
return true;
} else {
return dfs(i,j);

}
}
}
state[i][]j] = false;
used[i][j] = true;

output(i,j); // reports that the direction of (i,j) is dir[i][]]
return false;



