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A: Ball Distribution
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1 #include <bits/stdc++.h>

2 using namespace std;

4 int main() {

5 int N, K; cin >> N >> K;

6 if (K == 1) {

7 cout << 0 << endl;

8 } else {

9 cout << N - K << endl;
10 }

11 return 0;

12 }




B: Picking Up
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C: Successive Subtraction

HPNTOREHEEEE ) OTIERL, RDLHIICSVIRZET,

W Ay, Ag, .y AN DZENENDEEE RS TEEGD N LY, BEOKFIEILT + T3, N —1 [0,
HBhiz 2 0EN, 2 DHOUEOR 522 TREL T, £EZHAELET., KEIK>7 1 DOEADUE
DMDIKMEZ KO TL I,

ZDEIICEZDE, BRI+ D il - N — i A ->Tw3R, A DREVGHS ¢ l23 +, BED 2 —
ERDE)IEERZIT) CEDRETH L DD FT,

oT, + E-DETOH ZIREICT B2 LD TELZLDMETT D, EiZ + DAELIFZ-OARLERWIR
REDIAMZEBITRECT, HERE 2 Db DIF, A, — A DL BV THENRED T, WEHn>3 D
HLEER/BDLE, BRBICEER L OREGLE n—k OEGZIEGLETY. k EhEn—k P2 ETHD &
L O DOEGITH T O SET 5 DT, A LB OM T O TBEFEEL £7,

Z29ThOES, BIZBUTOXIICLTHERT 2 ENTEET, A DEFZEEZY—-FLTEVT, 0
Lo#EFEOMEE P M, A0EFEOMEEE QHELET, (B TOHFLEELLTEILIEITERLDT,
P=0DtEEP=1,Q=N-Q=0D EIP=N-1,Q=1&LZE7)

A % o ELUTEOHEE, Agy1, AgraAn_1 2y E L TROET, KIS, Ay 55 Ay, Ay Ag %2511
ERWTT,



D. Squirrel Merchant(writer : yuma000)
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E: Balanced Piles
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F: Diverta City
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A: Ball Distribution

If there is only K = 1 person, we have no choice but to give all balls to that person, so the difference
is 0.

Otherwise, the difference will be maximized when we first give one ball to each person, then give the
remaining N — K balls to one person, so the maximum possible difference is N — K.

Sample implementation in C++ follows:

1 #include <bits/stdc++.h>

2 using namespace std;

4 int main() {

5 int N, K; cin >> N >> K;

6 if (kK == 1) {

7 cout << 0 << endl;

8 } else {

9 cout << N - K << endl;
10 }

11 return O;

12 }




B: Picking Up

First, let us consider the minimum total cost when the values of p and ¢ are already specified.

Consider a directed graph where the vertices are the balls and there is a directed edge from a dot
(a —p,b—p) to a dot (a,b). The indegrees and outdegrees of the vertices are at most one, and each
connected components in the graph is a linear chain of vertices. By picking the balls from the starting
end in each connected component, we can achieve the minimum possible total cost: N - (the number of
edges).

Now, our objective is to choose p and ¢ so that the number of edges in the graph will be maximized.
The only choices of (p, ¢) worth considering are the ones that occur as (x; — x;,y; —y;) for some ¢ and j
(i # j) (for other choices of (p,q), the number of edges will be 0). Thus, we can try all O(N?) candidates
and count the number of pairs (7,7) (¢ # j) such that (z; — z;,y; — y;) = (p,q) for each candidate to
obtain an O(N*) solution. (Actually, we do not need to count the pairs (4,5) for each choice of (p,q),
and instead we can just examine the distribution of (z; —x;,y; —y,) and choose the most frequent value,

in O(N?%logN) time with map in C++ or similar data structure.
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C: Successive Subtraction

We will rephrase the problem as follows:

We have N multisets. The i-th multiset has one element A;, with a sign + attached. We will perform
the following operation N — 1 times: choose two multisets, invert the sign of each element in the second
multiset and merge them. Find the mazimum possible sum of the elements in the final multiset remaining.

We can see that, if the final multiset contains ¢ elements with 4+ and NV —i elements with —, it is optimal
to perform operations so that the i greatest numbers among Ai, Ao, ..., Ay get +, and the remaining
numbers get —.

The problem now is how many numbers can get + and how many can get —. The conclusion is: almost
all states are achievable, with two exceptions where all numbers get + and where all numbers get —. Let
us prove it. A multiset of size 2 during the operations always has the form A; — A;, where one of the two
numbers gets + and the other gets —. For a multiset of size n > 3 during the operations, we must have
merged two multisets of size k and n — k to obtain it. Since at least one of k and n — k is 2 or greater,
at least one of the two multisets contained both a number with + and a number with —, so the merged
set also contains both.

Thus, if A contains both non-negative numbers and negative numbers, we can give + to all the non-
negative numbers and — to all the negative numbers. If all the numbers in A are non-negative (negative),
we should compromise and give — (4) to a minimum (maximum) number and + (—) to the others.

This can be implemented as follows. First, we sort the sequence A in ascending order. Assume there
are P non-negative numbers and ) negative numbers. (If P = 0, consider the greatest number as non-
negative and assume P = 1. If Q) = 0, similarly assume @ = 1). We subtract Ag11, Ag+2, ..., An—1 from
Ay, then subtract the result of this and As, ..., Ag from Ap.
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D. Squirrel Merchant(writer : yuma000)

Let us say we “buy” metals when we trade acorns for metals, and “sell” metals when we trade metals

for acorns. Chokudai’s plan is equivalent to the following:

1. Get out of the nest with N acorns in his hands.

2. Buy metals in Exchange A and sell all of them in Exchange B.
3. Buy metals in Exchange B and sell all of them in Exchange A.
4. Go back to the nest.

This is because we can immediately buy back metals that we sold without loss of acorns. Obviously,
we should end each of the steps 2. and 3. with the maximum possible number of acorns.

Let us first consider step 2. This is equivalent to the knapsack problem, where

e The maximum weight capacity is N
e The weight of an item (each kind of metal) is (the price of the metal per gram in Exchange A)
e The value of an item is (the price of the metal per gram in Exchange B) — (the price of the metal

per gram in Exchange A)

Let M be the answer to this problem, which is at most N * max(gs, s2,b2). Step 3. is again equivalent

to the knapsack problem, where

e The maximum weight capacity is M
o The weight of an item (each kind of metal) is (the price of the metal per gram in Exchange B)
e The value of an item is (the price of the metal per gram in Exchange A) — (the price of the metal

per gram in Exchange B)

Each of these knapsack problems can be solved by dynamic programming with time complexity O(ab),
where @ is the number of items and b is the maximum weight capacity. Thus, we solved the problem
with time complexity O(M) = O(N * max(gz, 2, b2)).

Bonus

We can also solve the problem in O(N + (maz(gz, s2,b2))?) time, by solving the second knapsack

problem more efficiently.

12



E: Balanced Piles

First, consider the case D = 1.

Let dp|x][y] be the number of ways to add blocks, when the current status is the following:

- Currently, the height of the highest pile is z, and there are y piles of height x. - Additionally, for each
set of piles of the same height, the ”order” is predefined. For example, if there are two piles of height h,
when those two piles become the shortest pile, there is an additional constraint and we must choose a
specific pile in the next operation.

How to compute this dp array?

- Clearly, if (z,y) = (H,N), dplz]ly] = 1. - Otherwise, from dp[z][y], there are one transition to
dplz + 1][1] unless x = H (change the height of the pile we choose next to « 4+ 1), and there are y + 1
transitions to dp[z][y + 1] unless y = N (change the height of the pile we choose next to z; in this case
there are y + 1 ways to ”insert” the new pile to the order of y piles).

Therefore, the answer dp[0][/N] corresponds to the number of paths in the following graph:

(5, 4)

® fq.
o : .&?

(5, 1)

(whenN=4,D =05)

Of course, dp[0][N] has an extra factor of N! because in the original problem the ”order” of N piles
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is not defined. However, we also have an extra "order” in dp[H][N], and these two factors cancel each
other and we can ignore them.

Thus, the answer is dp[0][N] = (1! + 2! + ... + N)H=DN! when D = 1.

How to solve the general case?

Let 0 = hg < hy < ... < hxg = H be an array that satisfies h; 11 — h; < D for each i. Then, the answer
to the original problem with an additional constraint that "the set of heights that appear during the
operations must be {hq,...,hx}" is (1! + 2!+ ... + N)E-DNL

Thus, the answer to the original problem is the number of paths from 0 to N in the following graph,
times N!/(1! +2! + ... + N!):

weight of each ﬂ is1! + 21+ ... + N!
there is a ﬁ fromitojiffi <jandj-i <=D

This can be computed in linear time.
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F: Diverta City

We will show a way to inductively construct a solution with the maximum total length of a Hamiltonian
path being 96, 755, 758, 040 for the case N = 10.

If N = 2, we connect the two towns with a road of length 1 and we have a solution. Now, assume that
we have a solution G for the case N =i (i > 2), and we will construct a solution for the case N =i+ 1.

Let M be the maximum total length of a Hamiltonian path in G. Add a new town ¢ + 1 to G,
and connect Town j (1 < j < ¢) and Town ¢ + 1 with a road of length (M + 1) x a;, where a =
{1,2,4,7,12,20,29,38,52,73}. The elements of a are chosen so that the values a; (1 < 4 < 10) and
a;+a; (1 <i<j <10) are all distinct. This makes the lengths of all Hamiltonian paths with ¢4 1 towns
distinct, since any Hamiltonian path traverses only one or two of the edges added. The time complexity

of this approach is O((N + 1)!).
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