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A: Sum of Two Integers
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1 #include<iostream>

2 using namespace std;

3 int main(){

4 int N;

5 cin >> N;

6 cout << (N-1)/2 << endl;
7 return O;

8 }




B: Counting of Trees
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C: Swaps
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D: Shortest Path on a Line
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E: Non-triangular Triplets
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F: Mirror Frame
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A: Sum of Two Integers

The answer is % — 1if N is even, and % if N is odd. Sample C++ implementation follows:

1 #include<iostream>

2 using namespace std;

3 int main(){

4 int N;

5 cin >> N;

6 cout << (N-1)/2 << endl;
7 return 0;

8 }




B: Counting of Trees

In order for a tree satisfying the condition to exist, D; = 0 must hold. Otherwise, the answer is 0.
Below, we assume D; = 0.

Consider a tree such that the distance between Vertex 1 and Vertex ¢ is D;, and for each vertex ¢ other
than Vertex 1, let the vertex closest to Vertex 1 among the vertices adjacent to Vertex ¢ be Vertex p;.
Then, we can see D,,, = D; —1. On the other hand, if we set the values of (ps, ..., pn) so that D,, = D; —1
(i > 2), we have a unique tree formed by edges connecting Vertex ¢ and Vertex p;. Thus, the answer is the
number of sequences (ps, ...,pn) such that D,, = D; —1 (i > 2). Let ¢i be the number of indices i such
that D; = k. Then, the number of sequences is the product of cp,_1 over all ¢ from 2 to N, which can be

found in linear time.



C: Swaps

First, we assume By < By < .... < By by properly arranging the elements beforehand. Now, let us say
we do the swaps and permute (A1, ..., Ay) into (4,,, ..., Apy). By rephrasing each of the restrictions that
we must have A; < B; in the end and that we can do at most N — 2 swaps, we see that (pi, ..., py) must

satisfy the following conditions:

b A;Dz‘ <B

e The permutation (p1,...,pn) can be decomposed into two or more cycles.

Let (p1,...,pn) be a sequence such that A, < A,, < .. < A4,,. If 4, < B;i(i =1,..,N) does not
hold, there is no sequence (p1, ..., piy) that satisfies the first condition above, so the answer is No. Now,
consider the case A,, < B;(i = 1,...,N). If (p1,...,pn) satisfies the second condition above, the answer
(i=1.,N-1),
(p1, .-, pN) is the only permutation satisfying the first condition, so the answer is No. If there exists ¢ such
that B; > A

is Yes.

is Yes. What remains is the case that (pi,...,pn) consists of one cycle. If B; < A, .,

pis1» the permutation (pi, ..., pi—1, Pit1,Pi, Pi+2, ---» PN) satisfies both conditions, so the answer

Now we have covered all the cases. The time complexity of our solution is O(N log N), which comes

from sorting.



D: Shortest Path on a Line

Let d; be the length of the shortest path from Vertex 1 to Vertex ¢. Then, we cansee d; < ds < .... < dy.
Thus, we can add an edge of length 0 from Vertex ¢ to Vertex i + 1 for each ¢ without changing those
lengths. Below, we assume that the graph contains all of those edges.

Now, consider the edges added in the i-th operation. If we only add the edge of length C; from Vertex
L; to Vertex R;, the other edges does not affect the shortest paths. This is because, for a pair of vertices s
and ¢ such that L; < s <t < R;, we have a path of length 0 from s to L — 4, an edge of length C; from L;
to R;, and a path of length 0 from R; to ¢, so in total we have a path of length C; from s to ¢. Therefore,
we can find the shortest paths from Vertex 1 to each of the other vertices by only considering N + M — 1
edges, which can be done in O((N 4+ M)log N) time with Dijkstra’s algorithm.
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E: Non-triangular Triplets

Assume that there exists a partition into triples (a1, b1,c1),..., (an,bn,cn) satisfying the condition.
Then, Z;V:I(ai +b) < Zf\ilci holds, so we have 22?;101 > Zﬁvzl(ai +b+¢) = Zfi?N_li =
w. Since Zil ¢ < Zfiﬁiﬂ}lz = w, we see that it is necessary for N(2K + 5N —
1) > w, that is, 2K — 1 < N, to hold. On the other hand, if 2K — 1 < N, we can show
that there exists a partition satisfying the condition. The construction slightly depends on the parity of
N, but not essentially, so here we will only cover the case N is odd. Let N = 2L —1 (K < L). Now,
let (a1,...,an) be (K, K +2, K +4,... K+2L -2 K+ 1,K+3,...,K+2L —3), let (by,....,bn) be
(K+3L-2,K+3L—-3,..., K+2L—-1,K+4L -3, K +4L —4,...,K+3L — 1), and let (c1,...,cN)
be (K +4L —2,..., K + 6L — 4), and we have a solution. The efficiency of this construction comes from
arranging (a,b) in the order (z,vy), (x + 2,y — 1), ..., which allows a + b to increase by 1 at a time.
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F: Mirror Frame

Let us first find out the way to determine whether the board is beautiful when the state of each bulb is
fixed. We paint the grid points in two colors according to the parity of the sum of the coordinates of each
point. Then, all the grid points on the path for some grid point have the same color, so we can examine
each color separately. Additionally, two bulbs symmetric with respect to a diagonal of the square need to

have the same state. By considering these restrictions all together, it comes down to the following problem:

Given is a perfect graph with n vertices, where each edge has a state - ON or OFF. Determine if we
can turn all the edges OFF by repeating the following operation: choose two vertices and swap the

states of all the edges incident to at least one of those two vertices.

When n is even, the answer is always Yes. When n is odd, the answer is Yes if and only if, for each
vertex, there is an even number of ON edges incident to that vertex. These can be shown as follows.
When n is odd, for each vertex, the number of incident edges affected in an operation is always even, from
which the necessity follows. To show that we can turn all the edges OFF in those cases, we can actually
construct a sequence of operations. (One of the useful facts to do it is that choosing three vertices a, b,
and ¢ and doing the operation for (a,b), (b,¢), and (¢, a) only switches the edges (a,b), (b,c), and (c,a).)

Now, what remains is to allocate ON or OFF to each grid point so that the condition above holds. Again

in terms of graph theory, we have the following problem:

Given is a perfect graph with n vertices. In how many ways can we assign a state - ON or OFF - to
each edge so that, for each vertex, there is an even number of ON edges incident to that vertex? The

states of some edges are already fixed.

We can solve this problem separately for each connected component, in a total of O(N?) time.
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