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B: Tax Rate
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C: 100 to 105
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D: Lucky PIN
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E: Colorful Hats 2
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F: Interval Running
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A: November 30

In this problem, you are asked to input four values, My, D1, My, Ds. Some of you may think ”why are
we not only given My, D1?” However, this simple problem has many variety of solutions, some of which
uses Ms, Dy too.

We will show you three ways of solving this problem.

% Solution 1 - Use only M;, Dy and check in a "normal” way

Since 2019 is not a leap year, you can check if the given date is the last day of a month by the following

process:

o If My =1,3,5,7,8,10,12: if D; = 31, it is the last day of the month, and otherwise it is not
o If My =4,6,9,11: if D; = 30, it is the last day of the month, and otherwise it is not
o If My = 2: if D; = 28, it is the last day of the month, and otherwise it is not

You can implement it by using conditional branches (in most programming languages, if-else state-
ments). If you implement straightforward you will have to write if-else statements twice, but by using
ternary operators (search for it if you don’t know), the implementation can be simplified.

< Implementation example (Python 3) > https://atcoder.jp/contests/sumitrust2019 /submissions /8712722

% Solution 2 — ”If the two given months are different, it is the last day of a month”

For example, the next day of November 30th is December 1st. Like this, the day after the last day of a
month has different month value! Like that, if M; # M5 then it is the last day of a month, and otherwise
it is not.

< Implementation example (Python 3) > https://atcoder.jp/contests/sumitrust2019/submissions /8712762

% Solution 3 - “The next day of the last day of a month is ”2019-X-1""

The next day of November 30th is December ”1st,” and likewise the next day of the last day of a month
is "the first day of a month,” and that is like 2019-X-1. Therefore, if Dy = 1, then the day is determined
to be the last day of a month, and otherwise it is not.

< Implementation example (Python 3) > https://atcoder.jp/contests/sumitrust2019 /submissions /8712801

Now what is your favorite solution?



B: Tax Rate

In real world, when you only know the price with tax included, some of you may wonder the original
price without tax.

There are primarily two ways of solving this problem. One way is ”finding the answer by brute forcing,”
and the other way is ”guessing the most plausible answer with calculation.”
% Solution 1 - "Find the answer by brute forcing”

Let X be the price of the apple pie without tax. You have to find N such that X x 1.08, rounded

down, is equal to . It is obvious that price without tax is no more than N.

e Is the price before tax equal to 17 (That is, is 1 x 1.08, rounded down, equal to N?)
e Is the price before tax equal to 27 (That is, is 2 x 1.08, rounded down, equal to N?)
e Is the price before tax equal to 37 (That is, is 3 x 1.08, rounded down, equal to N7?)

e Is the price before tax equal to N? (That is, is N x 1.08, rounded down, equal to N7)

If any of those statement above is true, then that is the price before tax, so output it. If not, there
does not exist such price, so print ”:(”.
You have to check if ”price before tax is X” for all X = 1,2,3,:--, N. This can be implemented by

writing ”loop operation (in most programming language, for statements).”

< Implementation example (Python 3) > https://atcoder.jp/contests/sumitrust2019 /submissions /8716074

% Solution 2 - ”Guess the most plausible answer with calculation”

In fact, you can guess the most plausible answer with calculation.
Let X be the price of the apple pie without tax, then the price with tax is X x 1.08, rounded down
into an integer. In order that this is equal to N yen, the condition is that N < X x 1.08 < N + 1.

Here, by dividing each term of the condition by 1.08, you obtain - < X < %. Therefore, if there

1.08
exists an integer greater than or equal to %08 and less than Jf_—gsl, then that is the answer; if not, it

appears that there is no possible price without tax.
For example, if N = 1001, it should holds that 926.851851--+ < X < 927.777777--+, so it appears that

the price without tax is 927 yen. You can also implement in a way in which you first guess that the price

N
1.08°

< Implementation example (Python 3) > https://atcoder.jp/contests/sumitrust2019/submissions /8716275

before tax is ” rounded up to an integer,” and then check if the price with tax is equal to N.
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C: 100 to 105

This problem can be solved either by judging at once using the condition of ”100 yen to 105 yen,”
or by using DP, which are completely different. In the contest many people may solved it in one way,
but solving with another way may deepen your knowledges. So we recommend you reading the following
editorial.

% Solution 1a - "Brute force all possible numbers of items”

When the number of items C' is fixed, then possible sum of items is all integer such that ”greater than
or equal to 100 x C, and less than or equal to 105 x C.” Therefore, it is easy to judge.

Check for all C =1,2,3, -, X, and if ”it is possible to buy C items that cost exactly X yen” for any
C, then it is possible to buy some items that cost exactly C yen” (in which case the answer is ”1”), while

otherwise you cannot achieve it (in which case the answer is 70”).

% Solution 1b - "Pinpointing the number of items”

X
100’

is 717, and otherwise the answer is 0. So, this problem can be solved just by pinpointing C' to C' =(

In fact, if it is possible to buy C =( rounded down) items that cost exactly X yen, then the answer

X
100°

rounded down) in solution 1a.

% Solution 2 - If X is more than 2000 yen, you can always achieve it

In fact, if X is more than or equal to 2000, then you can always buy some items that cost X yen in
total! Therefore, if X > 2000, then the answer is always ”17.

Next, consider X < 1999. This case, the numbers of riceballs, sandwiches, cookies, cakes, candies and
computers are in the range of 0 and 19, inclusive. Therefore, it is sufficient to brute force through all
possible 20 x 20 x 20 x 20 x 20 x 20 = 6.4 x 107 combinations of numbers of items, and then check if sum
of any of them is equal to X. Computers can perform hundreds of millions of calculations in a second,

so it will finish in time with proper implementation.

% Solution 3 - ”Solve this problem in Dynamic Programming(DP)”

Let dp; be “”Yes” if it is possible to buy items that cost ¢ yen, and otherwise "no”.”

o First dpg is “Yes”. The others can be determined in the order of dp1, dps, dps, ..., dpy.
e If any of dp;_100, dpi—101, dPi—102, APi—103, APi—104, dPi—105 is " Yes”, then you can add one item so
that the sum is ¢ yen, so dp; is yes.

e If all those 6 values are ”No”, then you cannot achieve it, so dp; is "No”.

Like this, some problems can be break apart recursively into smaller equivalent problem. This technique

is called ” Dynamic Programming (DP)”. This is very commonly used, so check it if you don’t know that.
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D: Lucky PIN

This problem can be solved either by brute forcing or by dynamic programming.
% Solution 1 - Brute force all possible PIN codes
Let’s fix the pin codes N from 000 to 999. Then it is sufficient to solve the following problem 1000

times.

e Is it possible to obtain PIN code V by erasing N — 3 digits from lucky number S?

This can be solved with the following greedy algorithm. In this problem, we denote the i-th letter of
S as S, and j-th letter of V as V.

1. Among all 7 such that S; = V3, find the smallest ¢ and let it be pl. Then retain pl-th letter and
proceed to Step 2. If such ¢ does not exist, you cannot obtain PIN code V.

2. Among all i greater than or equal to pl + 1 such that S; = V5, find the smallest i and let it be p2.
Then retain p2-th letter. If such ¢ does not exist, you cannot obtain PIN code V.

3. Among all i greater than or equal to p2 + 1 such that S; = V3, find the smallest 7 and let it be p3.
Then retain p3-th letter. If such ¢ does not exist, you cannot obtain PIN code V.

For example, if S = 869120 and V = 812, it will be like as follows, and you can obtain the PIN code.

8 6 9 1T 2 0
v

8 6 9 1 2 0
v

8 6 9 1 2 0
v

8 6 9 1 2 O

Total number of calculations are about 1000 x N. Since N < 30000, it will easily finish in time.

% Sample code

e C++: https://atcoder.jp/contests/sumitrust2019/submissions/8695967
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We will introduce another solution.

% Solution 2 - Solution with Dynamic Programming

Consider performing DP on string from left to right, recording the following values:

e pos: The last digit ever seen.
e [en: The number of letters you decided to retain.

e current: The substring of the part you decided to retain.

For example, in the case of S = 869120 and pos = 3, if you have decided that you will retain the 1st
and 3rd letter, then len = 2, current = ”89”. You can then record such state with a multi-dimensional

array such that:

e dp[pos][len][current] =(Whether or not it is possible to reach this state)

Also, there are only two transitions of DP, either "retain the next letter” or "remove the next letter”.
For example, when S = 869120, possible transitions from dp[3][2][89] are either dp[4][2][89] or dp[4][3][891].
The number of calculations in total is about 30000 x 4 x 1000 x 2, but time required for each operation
is comparatively small, so it will finish in time. You will also need an array of 30000 x 4 x 1000 elements,

but you only need bool array, so it easily finish in time.

% Sample Code

e C++: https://atcoder.jp/contests/sumitrust2019/submissions,/8717655

Bonus: Consider solving within about 100 x N calculations. Also, consider solving within

about 3 x N calculations.
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E: Colorful Hats 2

This problem has a solution in which only simple multiplication is needed, so we will introduce it.
% Essential Observation

Let a; be the number of people wearing red hats, b; be the number of people wearing blue hats, and ¢;
be the number of people wearing green hats, among people 1,2, 3, ...,i. Also, let x; be the largest number
among [a;, b;, ¢;], y; be the second largest number among [a;, b;, ¢;], and z; be the third largest number
among [a;, by, ¢;].

Then, if we know ”the number of people who is wearing hats with the same color as person ¢ in front

)

of person i,” we can identify the values x;, y;, 2;.

% Example
For example, if N =6 and 4; =0,1,0,0,1,2, then the values of x;,y;, z; will be like as follows:

1 |1=0]i=1]t=2|1=3|1=4|i=5|1=6

Ty

0
Yi 0
0

Zi

For instance, let’s consider ¢ = 4. Among person 1 to 3, two (= ;) people are wearing hats with some
color, one (= y;) people is wearing hat with another color, and zero (= z;) people are wearing hat with
the other color. Since A4 = 0, it is uniquely determined that person 4 is wearing a hat with the color of
which zero people are wearing so far. It is also appears that among person 1 to 4, the numbers of people
wearing hats with each color are [2,1, 1] in decreasing order.

% Find the answer with multiplications

Finally, let’s consider ”"the number of possible colors of person i’s hat, assume that colors of person
1,2,...,4—1’s hat are given.” (Let this number be T;.) Since values z;,y;, z; are already determined, those
values can be considered independently, and the answer will be T} X To x T3 X ... X Th.

Here, value T; is the number of integers among [z;_1, ¥;—1, 2;—1] that is equal to A;. The time complexity
is O(N).

% Let’s calculate the answer for the example above!

In the example above, let a, 8, ¥ be the number of people with each color among people 1 to 5, in
decreasing order. (x5, ys, 25 people are wearing each.) Then, for person 6, it holds that x5 = Ag,y5 = As,
so the person may wear either color a or color 8, so Tg = 2. Other T;’s can be found similarly, so the

answer is 3 X 1 x 2 x 1 x2x2=24.

% Sample Code

e C++: https://atcoder.jp/contests/sumitrust2019 /submissions /8683667
e Python3: https://atcoder.jp/contests/sumitrust2019/submissions/8697277
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F: Interval Running

At a glance, it may be seem that this problem requires complex case splitting. However, it becomes
far easier if you realized a special point. There are two ways of solving this problem. We will explain one

by one.

% Solution 1 — ”Consider the relative velocities”

Let’s consider the distance between the two runners. Let f(¢) be the distance between the starting
point and the point where Takahashi comes at time ¢, and g(t) be the distance between the starting
point and the point where Aoki comes at time ¢, and consider the graph of f(t) — g(t). It will be like the

following shape:

Figure. The graph of distance between Takahashi and Aoki
Look carefully. The shape is simple indeed!

e In the first 77 minutes, it increases by (4; — B1) X T7 meters
e In the next T minutes, it decreases by (A2 — Bz) x Ty meters

e These are repeated infinitely

Takahashi and Aoki meet each other when the distance between the two runners is 0. These correspond
to the intersection of the graph and z-axis. Let P = (41 — B1) xT1 and @ = (A — Bg) x T, and consider

a point moving on a number line (which is initially at ”position 0”), which moves like:

e The point moves P meters (it moves from position = to the position = + P)
e The point moves @ meters (it moves from position x to the position = + Q)

e The movements above are regarded as one cycle, and these are alternately repeated infinite times

Count how many this point passes ”position 0,” which will be the answer for the problem. Let’s
think about the case of P < 0 (the case in which the point first move in the negative direction), which is

split into three cases.
IfP+Q<0

The answer will be 0. Because, after a cycle ends the point moves in the positive direction, and it will

never come to the position 0 again.
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IfP+Q@=0
The answer will be infinity. Because, after a cycle ends it returns to the position 0, which is repeated

infinitely.

IfP+Q>0
After the k-the cycle ends, the point is at position k x (P + Q). How many times will it pass the

position 0 during the following cycle?

o If k x (P+ Q)+ P <0: twice (because it bounces back at a point further than position 0)
e If k x (P+ Q)+ P =0: once (because it bounces back at the position 0)
o If k x (P+ Q)+ P > 0: never (because it bounces back before it reaches position 0)

During the first cycle, it passes the position 0 only once. All thing considered, the number of times it

—p

passes the position 0 is as follows, where S and T' are the quotient and remainder of 5 ol

e IfT#0,5 %241 times (14+2+2+2+--+2+04 0+ - times)
e IfT=0,5%x2times (1+2+2+2+-4+2+14+0-+0+ - times)

Now we have found the answer for this problem only with simple case splittings and easy calculations!

< Implementation example (Python 3) > https://atcoder.jp/contests/sumitrust2019 /submissions /8717451

% Solution 2 - ”Binary search for the position where property changes”

We regard the movements of Takahashi and Aoki during 77 + T» seconds as a cycle.

Here, the numbers of times Takahashi and Aoki meets during each cycle are 1,2,2,2,2 2,
,2,1,0,0,0, - for some cases, or 1,1,1,1,1,1, -+ for other cases. However, in any case there are at most
three positions such that ”the number changes.” Therefore, if you aptly search for those position with

binary search, you can find the answer in a logarithmic time of input values.

Even they only meets finite times, it is possible that they meet each other about at time 102°, and
the coordinate of position they meet may be about 103°. This does not fit in 64-bits integer, but in
some programming language, such as Java ¢ C# * Python, you can use Big Integers to solve it. Moreover,
in C++, in some environment you can use ”__int128” to calculate with 128-bit integers to solve this

problem too.
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